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Abstract 

We first clarify tfie relation between boundary perturbations of AdS^ in general rel- 
ativity, and exactly marginal worldsheet vertex operators in AdSs string theory with 
Neveu-Schwarz Neveu-Schwarz flux. The latter correspond to solutions of the higher 
derivative low-energy tree level effective action to all orders in the string length over 
the curvature radius. We then calculate the exact expression of the boundary energy 
momentum tensor including all these higher derivative corrections in a purely bosonic 
string theory. The bottom-line is a canonical shift in the normalization of the boundary 
energy-momentum tensor corresponding to a shift in the curvature radius over the string 
length squared by the dual Coxeter number of the SL{2, K) subalgebra of the space-time 
Virasoro algebra. That allows us to derive the value of the Brown-Henneaux central 
charge including all tree level higher derivative corrections in bosonic string theory, in a 
scheme dictated by the worldsheet conformal field theory. 



1 



Contents 



1 Introduction 



2 The boundary energy-momentum tensor 

2.1 Metric perturbations 

2.2 Embedding in AdS^ string theory .... 

2.3 The space-time energy-momentum tensor 



2 

3 
4 
4 



3 Final remark |8| 

1 Introduction 

A quantum theory of gravity on AdS^ with boundary conditions that allow for black hole 
configurations, has an asymptotic symmetry algebra which includes a (left and right copy 
of the) Virasoro algebra [1] . The algebra of diffeomorphism charges is centrally extended as 
shown through a Hamiltonian analysis in classical general relativity [T]. An alternative way 
to compute the central charge is through the holographic calculation of the Weyl anomaly 



String theory in AdS^ is a consistent theory of quantum gravity that is likely to have a 
holographic dual. When we allow for black hole configurations in the bulk, the asymptotic 
Virasoro algebra is part of the symmetry algebra. Indeed, the space-time Virasoro algebra 
was explicitly constructed in terms of operators in the worldsheet conformal field theory in 
the case of AdS^ backgrounds with Neveu-Schwarz Neveu-Schwarz flux [3] [4] [5] [6] , as well as 
in the case of backgrounds with Ramond-Ramond flux These constructions within the 
string worldsheet conformal field theory contain an infinite set of tree level higher curvature 
corrections to the classical general relativity analysis. 

In this brief note, it is our aim to provide the necessary calculational details on the 
construction of the boundary energy-momentum tensor that takes into account all these 
higher derivative corrections in the context of bosonic AdS^ string theory with pure NSNS 
flux. This allows us to calculate the exact tree level value for the Brown-Henneaux central 
charge within an expansion scheme which is natural from the point of view of the worldsheet 
description of the string theory. Thus, we illustrate the power of an exact classical solution 
to string theory to determine all higher curvature corrections to a physical quantity, in the 
absence of supersymmetry. 

2 The boundary energy- momentum tensor 

In the holographic AdS/CFT correspondence [8] [9] [10] the conserved boundary energy-momentum 
tensor couples to the massless graviton in the bulk. In the first subsection we briefly review 
how we solve for the bulk deformation that corresponds to introducing a source term for the 
boundary energy-momentum tensor in the context of general relativity. In the second and 
third subsection, we show how to include all tree level higher derivative corrections in the 
context of string theory on AdS^ with Neveu-Schwarz Neveu-Schwarz flux. 
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2.1 Metric perturbations 

We choose a gauge in which the radial components of the graviton at the boundary are zero, 
and we solve the bulk equations of motion for the graviton with boundary condition hab 
for the spatial components of the metric. For a two-dimensional boundary the perturbative 
solution to Einstein's equations with negative cosmological constant is given by [llj (12]: 

3 f 1 

hf,^{xo,x') = - J (fx' _ ^/|4 '^^^^^ ~ ~ x')Pijabhab{x'i), (2.1) 

where we work in the Poincare coordinates with background metric: 

ds^ = \{dxl + dxi) (2.2) 
and where we used the definitions: 

Pijab = -^{^ia^jb + SjaSib) — -6ij6ab- 



2XuX/y 



I /|2 2,1 / 12 (o 1\ 

\X X \ — Xq ~\~ \Xi I . ^Z.oJ 

We use the conventions of ^llj in which all the indices of the tensor P are contracted with 
the flat boundary metric. On the basis of this perturbative solution and the equality between 
the renormalized gravity action and the boundary generating functional of correlation func- 
tions, we can compute the boundary energy-momentum two-point function in the gravity 
approximation (llj jl2j. 

It will be useful to express the metric perturbation in terms of the following coordinates: 

ds^ = dcf)^ + e^'t'd-id^. (2.4) 

When we concentrate on a source-term for the 77 component of the boundary-energy mo- 
mentum tensor only, we can write the bulk gravity solution after perturbation as: 

_ 3 /■ 2 ^ 

IT J \X — 7I* 

, _ 3 /■ 2 (7 - x)^ I 

TT J \X — 7I* 

^7 = -- / (i^7e"^'^(7 - — [¥^7 

IT J |X — 7I* 



_ 6 /■ 2 e^^Hx^jf v 

IT J |X — 7I" 



hi = -Jd 7^3:^(7 -x) 

vr J |x — 7I* 

where 7,7 are the complexified boundary coordinates and \x — 7P = e"^"^ + {x — 7)(x — 7) 
is a measure for the distance squared between a point in the bulk and one on the boundary. 



3 



2.2 Embedding in AdS^ string theory 

We want to generalize the above result to include all (tree level) higher derivative terms in 
the low-energy effective action in the context of bosonic string theory on AdS^, with Neveu- 
Schwarz Neveu-Schwarz flux. To that end, we wish to recall the exactly marginal operator 
corresponding to the metric deformation reviewed in the previous subsection. The fact that 
we deal with a solvable worldsheet conformal field theory is the key to allow for an inclusion 
of all tree level higher derivative corrections. 

We closely follow the paper [5] and refer to it for many useful concepts, technical details, 
as well as our notation. We recall that we have a left holomorphic worldsheet current algebra 
J" as well as right anti- holomorphic current algebra J", which can be conveniently packaged 
in x-dependent currents: 

J{x; z) = e-^'-^o" j+(^)e^^" = k{{x - -f)^e^^dj + 2{x - j)dcj) - d-f) 

J{x;z) = e-''-^oJ+(z)e''-^o=k{{x-jfe'^'^d-f + 2{x-j)d(t>-d^). (2.6) 

We also introduce the primary vertex operator $i of worldsheet conformal dimension zero, 
and space-time conformal dimension one (which is also known as the bulk-to-boundary prop- 
agator for a massless scalar field): 



7r(|7-xPe''^ + e-<^)2' 

The derivative of the bulk deformation computed above in ordinary gravity with respect to the 
boundary metric component h^^ gives rise to a certain bulk deformation which corresponds 
to the naive boundary energy-momentum tensor. The metric components that code the 
bulk deformation, and therefore the boundary energy-momentum tensor, correspond to the 
following worldsheet vertex operator (as can be derived by combining equations (j2.5l 12. 6p 
and (l27fll ): 

T{x) « ^ j d^z{Jdl^i + ^d^Jd^^i + WlJ^i)J{x;z). (2.8) 

The result of our canonical derivation agrees with the proposal of [5] to which we refer for 
many more interesting observations. In the worldsheet model, the worldsheet vertex operator 
is exactly marginal, and it is a physical vertex operator [5j. Our derivation of the vertex 
operator in the context of general relativity does not yet take into account possible higher 
derivative corrections to the boundary energy-momentum tensor T{x), and we still need to 
accurately define the composite operator in the quantum theory on the worldsheet. 

2.3 The space-time energy-momentum tensor 

In this subsection, we wish to calculate the correct normalization of the boundary energy- 
momentum tensor, in the presence of all higher derivative terms coded in tree level string 
theory. An elementary argument for the need to modify formula (j2.8p runs as follows. In 
bosonic string theory, when the worldshseet SL{2) current algebra has level k, the worldsheet 
energy- momentum tensor has prefactor l/{k — 2) (see e.g. [13j for a review). The conformal 
dimensions of primary operators similarly have a l/{k — 2) dependence. Therefore, the bulk 
masses of states will be a function of /c — 2, and the boundary conformal dimensions as well. 
Thus, the space-time energy-momentum tensor is expected to depend on the level in the 
combination k — 2. 
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That is one way to argue for the proposal for the exact boundary energy-momentum 
tensor: 

T{y) = ^^^^ J cfz{dl^i J + 3d,<^id^ J + 3^idl J) J{x;z). (2.9) 

In the above, we mean an exact equahty between the (canonically normahzed) boundary- 
energy momentum operator and the normal ordered composite operator on the right (where 
the components of the composite operator are ordered as indicated). The normal ordering 
in the two-dimensional conformal field theory is the one described for instance in |13) . which 
consists of point splitting and then subtracting singularities in the OPE evaluated at the 
location of the second operator. We also introduce the operator: 

C = j cfz{<PiJj){z,z) (2.10) 

and recall [5] that its derivatives with respect to either x or x decouple from all worldsheet 
correlation functions (since it is a total derivative operator without singularities when it 
encounters physical insertions on the worldsheet). Using this fact, we can write an equivalent 
expression for the boundary energy- momentum tensor: 



T{x) = J <fw{d,^AJ + 2^idlJ)J{x-z). (2.11) 

To prove that this is the canonically normalized boundary energy-momentum tensors to all 
orders in higher derivative corrections, i.e. to all orders in a \/k expansion, it is sufficient to 
compute the operator product of the boundary energy-momentum tensor T with itself. 



The TT operator product 

An important operator equation in the following calculations is: 

= -^d,{j^i), (2.12) 

which arises from the fact that the action of d on the primary operator $1 is equivalent to the 
action of the worldsheet Virasoro generator L_i which can be computed via the worldsheet 
energy-momentum tensor which is the Sugawara bi-linear in the currents. The normalization 
of the energy- momentum tensor is l/{k — 2) for a level k current algebrsH- Using a similar 
equation for deriving with respect to x, we obtain the result: 

d-^T{x) = j.jdz{d^^id^J + 2^idlJ). (2.13) 

From now on, we again follow [5j closely and compute the operator product dxT{x)T(y). Our 
calculation is an interesting space-time analogue of the calculation of the shift in the level of 
the worldsheet energy-momentum tensor. Since it is a little intricate, we produce it here in 
some detail. Let's split up the calculation in several parts. 

^ Our equation differs from equation (4.15) in |5j at fiigfier orders in tlie 1/k expansion. That leads to a 
canonically normalized space-time energy-momentum tensor. For the superstring, and worldsheet supersym- 
metric sigma-model discussed from section 8 onwards in 5', their equation (4.15) becomes exact. In a purely 
bosonic context, it is a good semi-classical approximation. 
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Preparation 

We will make good use of the opeH between the currents and the primary fields: 



J{x;z)J{y;z) ~ k- H {{x - y)'^dy - 2{y - x))J{y;w), 

[z — wy z — w 

J{x;z)<l>h{y;w) ~ -J—((x-y)^dy + 2h{y-x))<^>h{y;w)), (2.14) 
z — w 

as well as all of their derivatives with respect to both x and y. These operator products code 
the chiral current algebra as well as the affine primary nature of the operator of space-time 
dimension h [Sj. Note that although the product J{x; z)^hiy]w) is regular at x = y [5J, that 
is not true for various derivative operators. Composites of derivative operators therefore do 
require normal ordering. As stated previously, we take the derivative operators appearing 
in the proposed energy-momentum tensor ()2.9p to be normal ordered in the order indicated. 
We also recall the regular operator product: 

^i{x;z)<^h{y;w) = 6{x-y)^h{y;w) + 0{z-w) (2.15) 

which was conjectured in ^ and proven in |14j (given our normalization of the vertex oper- 
ators). 



The space-time primaries 

In order to show that the operator <I>/j(j;;z) is indeed a space-time primary of dimension h, 
we wish to compute the operator product expansion <^/i(x; z) ■ dyT{y). The calculation below 
should be thought of as talking place inside a space-time correlation function. We compute 
the contribution due to the region where the operator T comes close to the operator on 
the worldsheet. See [5] as well as [15] for a detailed discussion of why this is sufficient. We 
compute the operator product of composite operators via a point-splitting procedure and 
denote by lim-^i^^^. the limit in which we subtract singularities as per the normal ordering. 
See [H] for a pedagogical discussion of this standard procedure. We compute: 



<^>h{x;z)-dyT{y) ~ ^. ji^dw<^>h{x, z) ■ {dy'^idy J + 2<^idp) 



— (j) dw lim 

2i 1 w — Z -.w'-^w: 



{dy^i{y; w'){2{y - x)d^ - 2h)^h{x; w) + 2^i{y- w')2d^^h{x] w)) 

, r^4>ft(x;z)H . 

(x — yj^ y — X 



dy{T:—?^.^h{x;z) + —-d^^h{x;z)). (2.16) 



The result is consistent with the standard operator product for a space-time primary of 
dimension h: 

T(,mv) ~ I^ + MM. (2,17) 

[x -yy x-y 

Note that this calculation by itself already fixes the normalization of the space-time energy- 
momentum tensor. 



^We use the conventions of [5] and refer to that reference for further definitions and details. 
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The current energy-momentum operator product 

The second intermediate result we wish to compute is the operator product between the 
current and the (derivative of the) space-time energy-momentum tensor. We find: 

J{x-z)-dyT{y) ~ \-.idw lim dy^i{y;w') • ( f + ^—{{x-yfdl - 2)J{y;w)) 

4:k 2 

+$1(2/; w') ■ {- ^ + {-2dyJiy; w) + 2(y - x)^^ J(y; w))) 

[z — w)'^ z — w " 

+^^(4(y - x)dy + {x- yfdl + 2)<I>i(y; w') ■ dyJ{y; w) 
z — w ^ 

+ ^-^((x - yfdy + 2(y - x))^i{y- w')) ■ dpiy; w). 
z — w ^ 



~ -Kl^dy^iJ + 2^idyJ -A{y -x)dy^idyJ 

-8(y - x)^idp - 3(x - yfdy^idp - {x - yfO^^iOyJ 
+7rd(4{k + l)$i + {2k + 8)(y - x)dy^i + 2{x - yfa^^i^ (y; z). (2.18) 

Under the global S'L(2,R) charges (corresponding to a subgroup of the 50(2,2) isometry 
group of the AdSs space-time), the space-time energy-momentum tensor T{x) transforms as 
a tensor of weight two. That reasoning also determines the terms in the above expression 
that are not total derivatives on the worldsheet, i.e. the first two lines in the final result. We 
will use derivatives of the above operator product expansion in the following calculation. 

The stress-energy tensor operator product 

Finally, we present some details of the calculation of the operator product expansion of the 
(derivative) of the boundary energy-momentum tensor. We spit the operator appearing in 
the energy-momentum tensor T{y) such that is at w' and J is at w, after which we take 
the normal ordered limit lim.^'_^^.. We calculate: 

d,T{x)T{y) ^ / d'w jm^ {{d,dy{j^^'^>,{y;w') + 

+d,{^^My;n.') + ^1^) • 2dp{y;w)J{y)) 

+^vr^ Z*^'^ (dy'i'iiw')-ii-k-^)d. + 2{y-x)dl)d<^i{x)J{y) 

+<l>iiw')-2dld'^iix)Jiy) 

+dy<^iiw') ■ (29,$i9, J + 4$i52 J + 3{x - y)d,^idlJ + (x - y)dl^id,J)J{y) 
+^i{w') • {-dd^^idp -2dl^id^J)J{y)y (2.19) 

After using equation (j2.12p , the calculation reduces to a careful manipulation of identities for 
distributions (of the sort dll:{g{x)5{x — y)) = g{y)d^6{x — y)). We find (the x-derivative of) 
the end result: 

T( ^ T( ^ g ^ 2r(y) dyTjy) 

• - 2(^ + 0^ + 0^ ' (^-2°) 
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where the central charge operator C is equal to: 



C 



k-2 



6 



/ 



d^w^iJJ. 



(2.21) 



The operator product expansion is indeed of the canonical form, thus confirming the correct 
normalization of the boundary energy-momentum tensor, to all orders in the inverse radius 
(or inverse string tension) expansion. 

A similar calculation shows that the central charge operator C is indeed central (up to 
an operator vanishing inside string correlation functions). Finally, the calculation provides 
us with the exact central charge operator C with prefactor 1/(A; — 2). 

3 Final remark 

In gravity, one can evaluate the central charge of the asymptotic Virasoro algebra(s) either by 
directly computing the algebra of charges corresponding to the asymptotic symmetry genera- 
tors and then evaluating the central charge on the AdS^ background [1] [16] , by computing the 
boundary energy-momentum tensor two-point function, or by computing the Weyl anomaly 
holographically [2]. There are contexts in which one can extend these calculations to include 
higher derivative corrections very effectively (see e.g. [17]) even without knowing all these 
terms exactly. 

In the context of the conformal field theory description of AdS^ string theory, we find 
a central charge operator C that can take different values in different states [5J[6J. We can 
evaluate the vacuum expectation value of the operator C in the AdS^ vacuum to obtain 
the central charge in that state. One can do this by the techniques developed in [H] and 
applied in [180. We deduce the result that the normalized vev of the operator $iJJ is 
exactly —1. We must take note though that, as argued in [1], the leading contribution of 
two insertions of the energy momentum tensor inside a correlation function comes from a 
disconnected diagram, where we factor out the energy-momentum two-point function. In or- 
der for the remaining factor to correspond to a normalized correlation function, we need the 
non-normalized two-point function of the energy-momentum tensor, i.e. the non-normalized 
vev of the operator C. We propose to take this into account in naive fashion by introducing 
a volume factor as a normalization factor. The volume is contained in the vacuum ampli- 
tude due to an integration over zero-modes, and it is mildly renormalized due to oscillator 
modes. The tree level contribution also carries a factor of g~'^ where gs is the string cou- 
pling constant. Therefore, we expect the normalization factor (up to numerical factors) to be 
gj'^{k — 2)^/'^Vc' ~ lsG^{k — 2Y/'^ where Vc is the volume of the extra compact directions (in 
string units), Ig = Vc? is the string length, and Gj^ is the three-dimensional Newton constant. 
The factor (fe — 2)^/^ corresponds to the renormalized volume of AdS^. We take a definition of 
the three-dimensional Newton constant Gn that incorporates possible a'-corrections to the 
compactified volum^. We find therefore that the central charge operator C will contribute 
with a factor of — ;^(— l)(fe — 2)'^/'^Is/Gn = {k — 2)^/^Zs/G^ to tree level amplitudes with 

^One uses the Ward identities computed in appendix A of 18. and applies them to the operator $iJJ 
inserted in a two-point function of two unit operators. 

^For instance, if we imagine an AdSs xS'^ x T^^ solution to bosonic string theory, we would have a derivative 
corrected volume of 2-K'^{k + 2)^^'^l^ for the three-sphere which goes into the definition of the three-dimensional 
Newton constant. The assumption on the AdSs string theory that we use here and throughout the paper is 
that the worldsheet conformal field theory is factorized. 
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two insertions of the boundary energy- momentum tensor. The over ah /c-independent coef- 
ficient can be fixed by comparing to the semi-classical gravity limit. In conclusion, in this 
scheme associated to the factorized worldsheet string theory, the exact central charge will 
be c = ^\/k — 2-if-. That agrees again with a shift of the semi-classical space-time radius 
squared k by the dual Coxeter number of the 5-L(2,]R) subgroup of the space-time Virasoro 
algebra. 

Acknowledgements 

I would like to thank Sujay Ashok, Raphael Benichou, Ashoke Sen and Kostas Skenderis for 
useful discussions and encouragement. I acknowledge the grant ANR-09-BLAN-0157-02 for 
support. 

References 

[1] J. D. Brown and M. Henneaux, "Central Charges in the Canonical Realization of Asymp- 
totic Symmetries: An Example from Three-Dimensional Gravity," Commun. Math. 
Phys. 104 (1986) 207. 

[2] M. Henningson and K. Skenderis, "The holographic Weyl anomaly," JHEP 9807 (1998) 
023 | arXiv:hep-th/980608 7|. 

[3] A. Giveon, D. Kutasov and N. Seiberg, "Comments on string theory on AdS(3)," Adv. 
Theor. Math. Phys. 2 (1998) 733 | arXiv:hep-th/98061 94|. 

[4] J. de Boer, H. Ooguri, H. Robins and J. Tannenhauser, "String theory on AdS(3)," 
JHEP 9812 (1998) 026 |a rXiv:hep-th/9812046] . 

[5] D. Kutasov and N. Seiberg, "More comments on string theory on AdS(3)," JHEP 9904 
(1999) 008 [arXiv:hep-th/9903219i . 

[6] A. Giveon and D. Kutasov, "Notes on AdS(3)," Nucl. Phys. B 621, 303 (2002) 
fa rXiv:hep-th/0106004] . 

[7] S. K. Ashok, R. Benichou and J. Troost, "Asymptotic Symmetries of String Theory on 
AdS3 X S3 with Ramond-Ramond Fluxes," JHEP 0910 (2009) 051 [arXiv:0 9 07.1242] 
[hep-th]]. 

[8] J. M. Maldacena, "The large N limit of superconformal field theories and supergrav- 
ity," Adv. Theor. Math. Phys. 2 (1998) 231 [Int. J. Theor. Phys. 38 (1999) 1113] 
|arXi v:hep-th/9711200] . 

[9] S. S. Gubser, I. R. Klebanov and A. M. Polyakov, "Gauge theory correlators from non- 
critical string theory," Phys. Lett. B 428 (1998) 105 [arXiv:hep-th79802i09] . 

[10] E. Witte n, "Anti- de Sitter space and holography," Adv. Theor. Math. Phys. 2, 253 
(1998) [arXiv:hep-th/9802150| . 

[11] H. Liu and A. A. Tseytlin, "D = 4 super Yang- Mills, D = 5 gauged supergravity, and 
D = 4 conformal Nucl. Phys. B 533, 88 (1998) [arXiv:hep-th/9 804083|. 



9 



[12] W. Mueck and K. S. Viswanathan, "The graviton in the AdS-CFT correspondence: 



Solution via the Dirichlet boundary value problem," |arXiv:hep-th/9810151 



[13] P. Di Francesco, P. Mathieu, D. Senechal, "Conformal Field Theory," Springer, 1997. 

[14] J. Teschner, "Operator product expansion and factorization in the H-3+ WZNW model," 
Nucl. Phys. B 571 (2000) 555 jarXivihep-th /99662l5| . 

[15] O. Aharony and Z. Komargodski, "The space-time operator product expansion in string 
theory duals of field theories," JHEP 0801 (2008) 064 |arXiv:0711.1174l [hep-th]]. 

[16] G. Barnich and F. Brandt, "Covariant theory of asymptotic symmetries, conservation 
laws and central charges," Nucl. Phys. B 633 (2002) 3 [arXiv:hep-th/0111246) . 

[17] P. Kraus and F. Larsen, "Microscopic Black Hole Entropy in Theories with Higher 
Derivatives," JHEP 0509 (2005) 034 |arXiv:hep-th/0506176] . 

[18] J. M. Maldacena and H. Ooguri, "Strings in AdS(3) and the SL(2,R) WZW mo del. HI: 
Correlation functions," Phys. Rev. D 65, 106006 (2002) [arXiv:hep-th/0111180| . 



10 



